PROOFS OF THE INTEGRAL IDENTITY CONJECTURE OVER 
ALGEBRAICALLY CLOSED FIELDS 



LE QUY THUONG 



Abstract. The integral identity conjecture has been known as one of the 
building blocks of the motivic Donaldson-Thomas invariants theory for com- 
mutative Calabi-Yau threefolds. This theory was recently introduced by Kont- 
sevich and Soibelman in their article entitled Stability structures, motivic 
Donals on- Thomas invariants and cluster tranformations, arXiv: 0811.2435vl. 
We consider both versions of the conjecture, one for the motivic Milnor fiber 
of a regular function (say, the regular version), the other for the motivic Mil- 
nor fiber of a formal function (the formal version); and obtain positive an- 
swers over the ground field algebraically closed. Technically, some results from 
Hrushovski-Kazhdan's theory of motivic integration that is just developed by 
Hrushovski-Loeser, and some of Nicaise's computations on motivic integral on 
special formal schemes as well, will be used in the present article. 
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1. Introduction 

1.1. Starting from the year 1995 with a talk by Kontsevich at the Orsay seminar, 
and the strong developments by Batyrev [TJ [2], Denef-Loeser [9] [10], Looijenga 
[27] . Sebag [33], Loeser-Sebag [26], Nicaise-Sebag [291150], Nicaise [32], Hrushovski- 
Kazhdan [16] [17] , the theory of motivic integration has risen to be a power tool 
in the study the algebro-geometric objects over a field of characteristic zero, K. 

2010 Mathematics Subject Classification. Primary 03C60, 14B05, 14G22, 14J17, 32S25, 32S45, 
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The original idea of the construction is to use on such a variety X the space of 
arcs £(X). The motivic integral measure fi on the arcs space £(X) takes values 
in the completion of the Grothendieck ring M, K := X(Var K )[[A^] _1 ] of algebraic 
K-varieties. Thereafter, in order to treat the case of a formal scheme topologically 
of finite type X, Loeser-Sebag [26] used the Greenberg functor and the Greeberg 
space Gr(X) introduced by Sebag [33j . which plays the role of £(X) in an analogous 
setting. 

If y — > X is a resolution of singularities, the induced morphism £(y) — > £(X) 
is a bijection outside subsets of infinite codimension. Under such a resolution of 
singularities, a fundamental change of variable formula gives rise to an expression of 
motivic integral on £(X) via that on Using this property, Kontsevich showed 

at the Orsay seminar 1995 that two birationally equivalent Calabi-Yau manifolds 
have the same Hodge numbers. 

Motivic zeta function and motivic Milnor fiber are defined by Denef-Loeser [51 ITT] 
in the way using motivic integration. Let / be a regular function on an algebraic 
k- variety X of pure dimension d, which has Xo = Xo(/) as the zero locus. The 
motivic zeta function Zf(T) is defined as a formal power series 

Z f (T)= £[X m (/)][Ay- md T m 

m>l 

in M£ o [[T]]. Here X m (/) := {<p(t) € £ m (X) : f(fp(t)) = t m mod t m+1 } admitting 
a natural action of \x via /i m , and the obvious morphism X m (/) — > Xo defines 
an element in the Grothendieck ring M^ o (see Section [2]) . Using a resolution of 
singularities of (X, Xo), Denef-Loeser [8] [IT] prove that Zf(T) is a rational series. 
Then the opposite of the limit of Zf(T) when T goes to infinity, 

St = - lim ZAT) 6 Wit , 

is called the motivic Milnor fiber of /. The local one at x £ Xo, the pullback of <S/ 
to x, will be denoted by 5/ iX 6 M{f. 

Here is a description of the motivic Milnor fiber in terms of resolution of singu- 
larity, following [8] [TTJ . Let h : y — » X be an embedded resolution of singularities 
of (X, Xo) with the normal crossing divsor ft, _1 (Xo) = Siej-^i^'i- For nonempty 
/ C J, put Ei = f] ieI Ei and Ej — Ej\ Uj^j Ej- Consider the natural unramificd 
Galois covering Ej — > Ej with Galois group \i mi , mj — gcd(Ni) i& j. Then, we have 

(i) s f = (i-IAJcJ) 1 "- 1 ^/], 5 /lX = ]T (l-tA^i^t^n^Cx)]. 

0#/CJ 0#/CJ 

Let R be the ring of formal power series with coefficients in k, i.e. R = «;[[£]] . 
Consider a special formal i?-scheme X with f : X — > Spf(i?) as its structural mor- 
phism. Let Xo be the reduction of the special fiber X s , which is a separated K-scheme 
of finite type, and let x be a closed point of Xo- A resolution of singularities of X do- 
ing exist, following .'l.ij and [52] . Kontsevich-Soibelman defined in [20] the motivic 
Milnor fibers Sf 6 M^- and Sf. x £ M{f in a reasonable way using Denef-Loeser's 
formulas |TJ). This approach seems also to agree with Nicaise-Sebag's formula of the 
analytic Milnor fiber [29] , Nicaise's formula of the motivic volume 32 , or Jiang's 
definition of the motivic Milnor fiber of a cyclic Loo-algebra [JJ5]. More on the 
motivic Milnor fiber of a formal function will be discussed in Subsection I 
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1.2. In [20], Kontsevich and Soibelman introduced the concept of motivic Donaldson- 
Thomas invariants in the framework of 3-dimensional Calabi-Yau categories over a 
held of characteristic zero. While the motivic Donaldson-Thomas invariants is phys- 
ically realized as "BPS invariants" , their mathematical meaning is inspired from the 
classical invariants such as Euler characteristic, Poincare polynomial, etc. Among 
others, the derived category of coherent sheaves on a compact/local 3-dimensional 
Calabi-Yau manifold is a central object of the investigation. The approach of 
Kontsevich-Soibelman [2U] in this theory is to use motivic Milnor fiber instead 
of topological Milnor fiber (defined by Milnor [2S]) as for the classical Donalson- 
Thomas invariants theory. In particular, Toen |35j develops knowledges of the 
derived Hall algebra, and Kontsevich-Soibelman [20] show the motivic analogue for 
these. 

Main basics of Kontsevich and Soibelman's theory, beside other things, include 
the so-called integral identity conjecture (cf. [2UJ Conj. 4.4]) which concerns the 
motivic Milnor fiber of a formal function. More precisely, to guarantee the existence 
of the motivic Donaldson-Thomas invariants for non-commutative 3-dimensional 
Calabi-Yau varieties, one needs the integral identity, which is believed to be true. 

Here is the statement of the conjecture. We fix a system of coordinates (x, y, z) 
of the k- vector space n d — n dl x n d2 x K d3 . Let / be in (J) n>1 k[[x, y, z]] n such 
that it is invariant by the action of G m)K with weight (1, — 1, 0). Then, / induces 
a formal i?-scheme structure on the formal neighborhood X (over n) of A dl in A d ; 
the structural morphism is written as /. Similarly, / induces a formal function 
on the formal neighborhood 3 of in A da . Let us denote the embedding A dl ^ Xo 
by i, and the forgetful morphism JV[^ dl — > by the integral notation J A d ± . 

Conjecture 1.1 (Kontsevich-Soibelman [20], Conj. 4.4). Assume that k is a 
field of characteristic zero. Let f be a formal power series in k[[x, y, z]} such that 
/(0, 0,0) = and f(rx,T~ 1 y,z) = f(x,y,z) for any r G & m ,K- Then the integral 
identity J A d 1 i*Sj = [A*] Sf holds in the Grothendieck ring Mff. 

Working on this conjecture is the unique purpose of the present article, although 
the results obtained are not for all but the case of an algebraically closed field 
of characteristic zero. Some approaches in the algebro/arithmetic-geometric and 
model-theoretic points of view will be mentioned. 

1.3. First, let us study the regular version of Conjecture II .![ that is which states 
for a regular function /. We studied this in [23], where the regular version is verified 
if / has the form either a composition of a polynomial in two variables with a pair 
of regular functions with no variable in common, or of Steenbrink type. More 
precisely, this version holds in the valuable scope of formulas of Guibert-Loeser- 
Merle [14] [15], under certain conditions. Herein, we continue the general work on 
the regular version in the context where k is algebraically closed, and the answer 
to the conjecture in this case is positive. 

Theorem 1.2. Assume that k is an algebraically closed field of characteristic zero. 
Let f be a regular function on A dl x K Af? x K A^ 3 such that /(0, 0,0) = and 
f{rx,T~ 1 y,z) — f(x,y,z) for (x,y,z) £ and r G G TOll4 . Then the integral 
identity J A d ± i*Sf = [A^] dl <S/| d3i0 holds in DVt£. 

Our proof is suggested from the Hrushovski-Kazhdan motivic integration |16[ 117] 
and a recent work of Hrushovski-Loeser |18] recovering the motivic Milnor fiber from 
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the underlying space of an analytic Milnor fiber. Consider ACVF(0, 0), the theory 
of algebraically closed valued fields of equal characteristic zero [16] , where the base 
field is an algebraic closure of K = n((t)). In [TB], Hrushovski and Loeser construct 
a canonical ring morphism 

HL : if (volVF bdd [*]) — !• 

linking a definable set in the theory ACVF(0, 0) with a motive. Ideally, both sides 
of the integral identity in Theorem 11.21 are respectively the images through HL of 
the classes in K (volVF bdd [*]) of the following definable subsets of VF d : 

{(x, y, z) 6 VF rf : val(x) > 0, val(y) > 0, val(z) > 0, rv(f(x, y, z)) = rv(i)} 

and 

\u „ ,\ a \w d • val ^) - °' val (y) > 0>val(z) > \ 
The rest work is to show that the image under HL of the class of 

(2) X X := Ux,y,z) € YF d : ™f\ J °>?*W > ^fif) > j 
w \ v ' y ' ' val(s) + val(y) < oo, rv(/(x, y, z)) = rv(i) J 

is the zero element in the ring M{f. The idea of proof is as follows. Observe that 
we can partition X\ along the map X\ — > Q>o given by (x, y, z) H >• val(x) + val(y) 
into the fibers X\ n over 7 6 Q>o- The multiplicative group k((^))[t, t _1 ] acting 
on Xi j7 by fixing the sum val(x) + val(y) (equal to 7) on -Xi, 7 , namely t{x, y, z) = 
(tx, r~ x y, z), is a free action. Then the natural projection from to the quotient 
space X\ n is a fibration whose fibers are isomorphic as "half-closed" annuli of 
modulus 7. The image of such an annulus under HL is equal to zero. Using some 
properties of the Hrushovski-Kazhdan motivic integration |161 117] ■ the proof is 
completed. 

The proof of Theorem 11.21 will be arranged in Sections |3l 0] and [5] 

1.4. We shall introduce an approach to Conjccturc ll.il when n is an algebraically 
closed field of characteristic zero. 

Theorem 1.3. Assume that k is an algebraically cloed field of characteristic zero. 
Let f be in K[[x,y,z]] such that /(0,0, 0) = and f(rx,T~ 1 y,z) — f(x,y,z) for 
any t 6 C m<K . Then j &di i*S f ~ = [A^S^ Q in M%. 

Motivic integration is developed in the framework of quasi-compact separated 
formal schemes topologically of finite type, first in Sebag's work [33], followed by 
the articles of Loeser-Sebag [26] and Sebag-Nicaise [29]. These discuss various 
aspects in the framework such as motivic integration on separated quasi-compact 
smooth rigid varieties, motivic Poincare series, motivic volume and its relation 
with motivic nearby cycles, the trace formula, analytic Milnor fiber, comparison 
theorem on etale cohomology for nearby cycles, etc. The main tool for the study is 
resolution of singularities. Further, by using Neron smoothening, say, 2) — > X, with 
X generically smooth special and 2) quasi-compact separated generically smooth 
topologically of finite type, Nicaise [35] extends results of [33], [55] and [55] on 
motivic integration to any generically smooth special formal scheme as well as 
motivic integration on bounded smooth rigid varieties. 

An important result of Nicaise [32, Cor. 7.13] that extends [29] Cor. 7.7] that 
supports our proof of Theorem 11.31 is the following thing. Let us consider the 
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formal scheme (X, /) in Coniecture ll.il By a resolution of singularities of (X, Xo), 
one deduces from [321 Cor. 7.13] and the definition of Sj that 

S(X /Atl , K') = [h\ ti r d+1 i*S } e M Ail , 
where the quantity on the right hand side is the motivic volume of X,^ . Under 

the forgetful morphism, the image W([(X, A 4i)^]) of S(X, A d 1 , K s ) only depends on 
the generic fiber (X ) n . By Proposition l7.14[ we are able to show that W defines 
a group morphism from the Grothendieck ring if(BSRig^;) of bounded smooth 
rigid i^-varieties to M K . Now write the rigid JT s -variety 

(X d ) - l(x v z) e A d - an • val W >0,val(y) >0 1 

as a disjoint union of X' = {(x, y, z) G (X,^ ) v : val(x) + val(y) = oo} and 

(3) X[ = {(x, y, z) e (3e /A dj : val(x) + val(y) < oo}. 

We prove that M/([Xq]) = [A 1 K \~ d2 ~ d ' i+1 S s in the same way as previous, that is, 
using [32l Cor. 4.11, 7.13]. Note that, if k is an algebraically closed field, one can 
apply the Hrushovski-Kazhdan motivic integration to the theory ACVF' R (0,0) of 
rigid varieties over an algebraically closed valued field of equal characteristic zero. 
In this context, the link between W and HL is the following (see Corollarv l8.2p 

W(\Y]) = [Ai]- 5 a([F*]), for [Y] e ^(BSRig Fs ), 

where 6 is some natural number, Y* is a modified version of Y. For instance, if Y 
is X[ in ©, then Y* is exactly X x in © and S = d - 1 . The proof of Theorem Q 
shows that HL([Xi]) = 0, thus VH{[X[\) = 0. 

2. Motivic Milnor fiber of a regular function 

2.1. Grothendieck ring of algebraic varieties. Given § an algebraic K-variety, 
that is, a separated and reduced scheme of finite type over k. We denote by Vars 
the category of S-varieties, where objects in Varg are morphisms of algebraic k- 
varieties X — > § and morphsms in Var§ from X — > S to V — > S are morphisms of 
algebraic n- varieties X — > y which commute with X — > § and ^ —> S. Consider the 
relative Grothendick ring of algebraic varieties with good /i-action, K (Varg), where 
/t is the projective limit of the projective system of /j, mn — > (i m , x i— > x n , with fi m 
the group scheme of mth roots of unity. In general, the action of an algebraic group 
G on a variety X is said to be good if every G-orbit is contained in an affine open 
subset of X. For a linear algebraic group G, a good action of G on an affine Zariski 
bundle X — > S is affine if it is a lifting of a good action on S and its restriction to 
all fibers is affine. 

Fix a good action of /t on §, possibly choose the trivial action. The Grothendieck 
group i^(Var(?j3 is by definition an abelian group generated by symbols [X — > S], 
where the k- variety X is endowed with a good /1-action and X — > § is a /i-equivariant 
morphism of algebraic K-varieties, modulo the following relations: 
• [X — > S] = [y — > S] if X, y are S-isomorphic; 



4t is normally denoted by i^o(Varg) as in [8l l9l [TOl 1111 \12\ ; however, we would like to have 
the consistency in notation of the rings of this type in the Denef-Loeser motivic integration with 
the Grothendieck ring in the Hrushovski-Kazhdan motivic integration in 1161 117| or |18| . 
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• [X -> S] = [X' -> S] + [X \ X' -> S] if X' is Zariski closed in X; and 

• [X x A™ , a] = [X X A™ , a'] if a and a' are lifted from the same //-action on 
X to an affine action on X x A™. 

There is a natural ring structure on if(Varg) of which the product is induced 
by the fiber product over S. Note that the unit 1§ is the class of the identity 
morphism S — > § with the trivial action. We shall denote by A| the trivial line 
bundle S x A* — > S and put M§ = Jf (Var^^Ag]- 1 ]. If S = Spec(re), we denote this 
ring simply by M^. 

Let / : S — > §' be a morphism of algebraic re-varieties. Then we have two impor- 
tant operations associated to /: the push- forward morphism (which is a homomor- 
phism of abelian groups, and also called the forgetful morphism) f\ : Mg — > M§, 
defined by the composition with /, and the pullback morphism /* : Mg, — > Mg in- 
duced from the fiber product (which is a homomorphism of rings). If S' = Spec(re), 
we shall denote the forgetful morphism f\ as the integral J g . 

2.2. Arc spaces. Assume that the field re has characteristic zero. To a re-variety X 
and an integer m > corresponds C m (X) the re-scheme that represents the functor 

A ^ Mor K _ schcmos (Spec(^[i]/t m+ M[t]), X) 

from the category of re- algebras to the category of sets. For n > m > the 
truncation map re[£]/£ n+1 re[£] — >• re[t]/£ m+1 re[£] induces a trancation morphism of 
re-schemes 

(X) -> £ m (X). 

If X is a smooth re- variety, then 7r^ is a locally trivial fibration with fiber A^™ dlm X 
In general the trancation morphisms are affine morphisms. We consider the pro- 
jective limit £(X) of re-schemes £ m (X) in the category of schemes. For any field 
extension re' of re one has £(X)(re') = X(re'[t]). We shall denote by 7r m the natural 
morphism £(X) — > £ m (X). 

2.3. Motivic zeta function and motivic Milnor fiber. Let X be a smooth 
re- variety of pure dimension d, and / : X — > A^ a regular function. We shall denote 
by Xo = Xo(/) the zero locus of the function /. For any integer m > 1, we define 

Xm(/) = M*) e £™( X ) : /(¥>(*)) = ^ m0d 

Since its image through the canonical morphism 7r™ : £ m (X) — > X is contained in 
Xo, X. m (/) is an Xo-variety. The group ft acts on X m (/) via /x m given by a ■ <p(t) = 
ip(at) for any a in /x m . More precisely, fx acts on £(X) and on £ m (X) in such a 
way that X m (/) is invariant under that action. Thus the morphism X m (/) — > Xo 
defines a class [X m (/)] in the ring M^ o . Putting 

Z f (T)=Y,[Xm(f)][A 1 x }- md T m , 

m> 1 

one obtains a formal power series in M^- [[T]]. This series Zf(T) is call the motivic 
zeta function of the regular function /. If / = 0, then we have Zf{T) = 0. 

Denef-Loeser proved in [HQT] that the motivic zeta function Zf(T) is a series in 
the subring [[T]] sr generated by 1 and by finite products of terms [A^ ] e T l /(l — 
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[AJj- } e T l ) with e in Z and i > 1 in N, i.e. it is rational. Indeed, consider the 
resolution of singularities h : y — >■ X of X as in Section [1] and assume that 

K v =h*Kx + ^2(vi-l)E i , 

where K% and Ky denote the canonical divisors on X and y, respectively. Then, 
by [51 ITT] . the series Zf(T) can be written in the following form 

w z f( T )= e ([a^j - i)'^- 1 ^] n i ]Xr* - 

As shown in [B] (and [14j). there is a unique M^-linear morphism Huit^oo : 
Mj [PlJsr — ?> Mj which satisfies the property that 

lim fn [A k ] iT' )= (-1)'" 

for every family ((e.j, in Z x N>o, with / hnite and maybe empty. Therefore 

by Q, 

S f :=- lim ^(T)= £ (1-IAJcJ)^- 1 ^], 

which is evidently well-defined in M^ o . It is called the motivic Milnor fiber of the 
regular function /. 

If x is a closed point of X , one defines Zf x (T) as ({x} Xq)* Zf(T) and 5/ jX 
as ({x} =— > Xo)*5/. Equivalently, one can define directly Zj jX (T) to be a formal 
power series in M^[[T]], 

Z/,x(T)= ^[X m , x (/)][Ai]-™ d T m , 

m> 1 

where X m , x (/) = {y>(t) e £ m (X) : = t m mod t m+1 ,^(0) = x}. As proved 

in [8J, the series Z/ )X (T) is an element of M£[[T]] sr . Namely, with the resolution of 
singularities h : y — > X described as previous, one has 

fA 1 l _I/ *T iv « 

ZfAT)= E (K]- 1 ) |/h M^n/,- 1 (x)]n T ^rp^iv-- 

Then 5/, x = Y.^icA 1 ~ [ A i]) |J|-1 [^l n ^( X )L which lies in M £- We cal1 it; the 
(local) motivic Milnor fiber of / ai x. 

3. Logical setting and integration 
In this section, we shall use [THl [T7] and [JS] as principal references. 

3.1. Notation about ACVF-theory. Let us consider the theory ACVF(0,0) of 
algebraically closed valued fields of equal characteristic zero, which has two sorts 
VF and RV. The language on ACVF(0, 0) consists of 

• the language of rings on the VF-sort, 

• the language on RV-sort with abelian group operations •, /, a unary predi- 
cate k* for a subgroup, a binary operation + on k = k* U {0}, and 

• the function notation rv for a function VF* — > RV. 
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The theory states that VF is a valued field, with valuation ring R and maximal 
ideal m, rv : VF* — > RV is a surjective group homomorphism, and the restriction 
to R (augmented by h- > 0) is a surjective ring homomorphism. 

The relations of VF, RV, T and k is as follows: RV = VF*/(1 + m), T = 
VF* / R* and k = R/m. There is an exact sequence of abelian groups and group 
homomorphisms 

-> k* -> RV ™V T ->■ 

and we view T as an imaginary sort. Consider the natural maps rv : VF — > RV, 
val : VF — > T and val rv : RV — > T. Note that 

R = {x £ VF : val(x) > 0}, m = {x £ VF : val(a;) > 0}, 

thus R and m are respectively the non-archimedian closed and open discs of valu- 
ative radius 0. 

Let A be an ordered abelian group. The structure ACVF^O, 0) induces on T 
is of a uniquely divisible abelian group, with constants for the elements of T(A). 
Thus, every definable subset of T is a finite union of points and open intervals. 

3.2. Definable bounded subsets in ACVF^O, 0). Fix a base field K and A an 
ordered abelian group, which may be Q (8> r(if) in our setting. Let n be a natural 
number. We shall recall some fundamental notions which were already introduced 
in [16JCE7]. 

First we denote by r^n] the category of A-definable subsets of T™, and rj4 dd [n] 
the subcategory of r^n] of bounded subsets. Further, we consider voir a [n] the 
category whose objects are those of and whose morphisms h : X — > Y satisfy 

\x\ = \h(x)\, where |x| := Y,i x i- Denote by voir^ bdd [n], resp. voIT^ dd [n], the full 
subcategory of voir^n] with objects bounded on both sides, resp. bounded below. 

We also consider the category RV^n], resp. voIRVaM, of pairs (X, /) in which 
X is a ^4-definable subset of RV m for some integer m > 1, / : X — > RV™ is a 
finite-to-one map (i.e. ObvolRVyi [n] = ObRV^ [n]). A morphism in RV^[n], resp. 
in volRV^fn], is a definable bijection h : X — >• V, resp. a definable bijection 
h : X -> Y satisfying *£i x i = T,i h ii x )- Let volRV^ dd [n], resp. volRV^ bdd [n] , 
be the full subcategory of voIRVaH whose objects have T^-image contained in 
[7,00]™, resp. in [7, 6] n , for some 7, S £ Ta- Let RES[n], resp. volRES[n], denote 
the full subcategory of RV[n], resp. volRV[n], such that T^-image of its objects is 
a finite set. 

The category VF^[n] is by definition the category of definable subsets of n- 
dimensional varieties over K. In other words, objects of VF^n] are A-definable 
subsets X of VF m x RV fe for some m, k > admiting an ^4-definable map X —5- VF" 
with finite fibers. Let us consider the category volVF[n] defined as follows. The 
objects of volVF[n] are exactly those of VF^fn]. A morphism (X,f) —> (Y,g) in 
volVF[n] is an ^-definable bijection h : X — >• Y such that h*g*dx = f *dx away 
from a variety of dimension < n, where dx = dx\ A ■ • ■ Adx n is the standard volume 
form on VF™. The category volVF^ dd [n] is defined to be the full subcategory of 
volVF A [n] of objects {XJ) with f{X) bounded. 

From now on, we shall omit the subscript A whenever possible. If C is one of the 
categories mentioned as above we shall denote by K + (G) and K(C) its Grothendieck 
semi-ring and Grothendieck ring, respectively. 
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3.3. Integration over VF. We recall the definition of integral on a definable 
bounded subset of VF", following Section 11 of |16j . We shall denote by [0]i the 
class of the 1-dimensional open disc m — {x G VF : val(a;) > 0} in VF, and by 

Af (volVF bdd ) = (tf+CvolW^DPr'Do, 

the homogeneous part of the graded semi-ring K + (volVF bdd [*] ) [[0] j^ 1 ] . Now assume 
that X is a definable bounded subset of VF". Let Fn(X, Af(volVF bdd )) denote the 
semigroup of definable functions X — > A^(volVF bdd ). By definition, an element 
of Fn(X, K"f (volVF bdd )) is represented by a definable set T c X x VF" such that 
T(x) — {y : (x, y) G T} is bounded for any x. Two such sets T, T" represent the 
same function if for any extension A! of A and any x' in Xa 1 G ObvolVF^ 11 [n] (the 
pullback of X in VF^,) one has 

[T(x')}[0]^ = [T'(x')}[0]^ 

(see an analogous argument in 17, Subsection 2.3]). That addition and multi- 
plcation are defined pointwise on representatives yields a semi-ring structure on 
Fn(X, Af(volVF bdd )). Furthermore, note that 

Fn(X, Kf (volVF^,))) = Z <E> Fn(X, K$ (volVF^)) 

for a' in any extension of A (see [HO HZ] ) . 

Let D be the data corresponding to A + (volVF bdd [*]) in the terminology of [16]. 
More precisely, 2) is the set of pairs {X,4>) with X in ObvolVF bdd [n] for some n 
and cj> : X — > T a bounded definable function. A boundedly represented definable 
function / : X — > ("D) has the form [0}^ m F, where m is some integer and 
F : X — > K+(D[m}) is a definable function which is possibly represented by some 
bounded F G D[m + n]x- Then we can define the integral (which is independent 
of the choice of F, see [To]). 

(5) f f:=[0}i m - n (F)m+n. 

Note that the formula of integral ([5]) is normalized so that the volume of the open 
disc m = {x E VF : val(a;) > 0} is equal to 1 in A+(volVF bdd [*]). Namely, 
vol([0] 1 )=/ [0]i l = [0]r 1 [0] 1 = l. 

For a definable function / : X -)• K% (volVF bdd ) which can be expressed as the 
difference of two boundedly represented functions X — > K + (D), we can extend the 
concept to the the integral J x f by linearity. Furthermore, if there exists a definable 
function <j> : X T such that the restriction of / to A 7 = _1 (7) is the difference 
of two boundedly represented functions X — > A + (D), for all 7, one has 

(6) f f = f f f\ x 

Jx JjerJx^ 

Let H(a,r) denote the closed ball in VF centered at a with valuative radius 
r G r, namely 23(a,r) = {x G VF : val(ai — a) > r}. In Section[5l we shall consider 
the function / : X ~> Kf (volVF bdd ) given by f(x) = [T>(0,(f>(x))}, which is also 
integrable. 
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4. From definable VF-sets to algebraic k-varieties 

Let K := «;((£)) and R := K,[[t]] with k an algebraically closed field of character- 
istic zero. In Sections 2] and the base structural field will be A alg , an algebraic 
closure of K, and hence the base structural group A will be Q. 

4.1. By [T7], there is a canonical morphism of Grothendieck semi-rings 

(7) : A + (volRES[*]) ® K+ (volT hdd [*] ) -> A+(volRV bdd [*]), 

where ker(^) is generated by [val^, 1 (7)]i £3 1 — 1 <S> [7]i, with 7 definable in T. By 
[18] . the restriction of the morphism © to A+(volRES[*]) ® A+(voir 2bdd [*]) yields 
a canonical morphism 

(8) * : *T + (volRES[*]) ® X+(voir 2bdd [*]) -> A+(volRV 2bdd H). 

Now for an integer n > one defines a map L : ObvolRV[n] — > ObvolVF[n] 
sending a pair (X,f) to the set {{y\, ■ ■ ■ , y n , x) £ VF" x X : rv(y i ) = fi(x)}. It 
induces a canonical morphism of semi-rings 

J : A+(volVF bdd [n]) -> A%(volRV bdd [n])// B ' p , 

where Jg p is the congruence generated by = [RV >0 ]i with the constant volume 
form in T. It satisfies the property that [X] = pL(V)] in A + (volVF bdd [?i]) if and 
only if /([X]) = [V] +/^ p in A + (volRV bdd [n])// s ' p . This morphism induces a ring 
homomorphism between corresponding rings, which we shall also denote by J . 

4.2. The morphism h m . Intuitively, each element of RV°° = RV U {0} has the 
form at a with a £ k and a £ T. Furthermore, if X C RES", its elements are n- 
tuples (a\t ai , . . . , a n t a ") where on £ k and all a; belong to a finite set F. Thus, in 
general, the A(volRES[*]) is not really the Grothendieck ring of algebraic varieties 
(without action). Now if we identify all element of F, in other words if we require 
#F = 1, then X is nothing but a subset of the affine variety A™. This remark leads 
to definition of !A + (volRES[*]), ! A(volRES[*]) and the versions without volume 
(using the same way). In the formal language, !A(volRES[*]) is the quotient of 
A(volRES[*]) by identifying [val" 1 ^)] = [val" 1 ^)] for a running over T(K) ® Q. 

Let us recall the construction of h m in [T51 Subsec. 8.2]. For an integer m > 1 
and a bounded definable subset A of T n , putting 

a m (A)= [Kr^Ki-iKr'r, 

7£An(l/mZ)" 

one defines a morphism of semi-rings A + (voir bdd [*]) ^-!iiT + (volRES[*])[[A^] _1 ]. 
Also, for a pair (X,f) in RES[n] with f(X) C 7 71 x • ■ ■ x Vy n , 7 = (71, • ■ ■ ,7n), 
putting 

j [X][A 1 K ]- rn ^- n if 7717 G Z n 
1 otherwise 

one defines a morphism of semi-rings A+(volRES[*]) — »!if+(volRES[*])[[Ai] -1 ]. 
Tensoring of b m with a m yields a morphism 

b m ® a m : A' + (volRESH) ®X + (voir bdd H) -^!A' + (volRES[*])[[A^]- 1 ] ! 

which satisfies the inclusion ker(6 TO ® a m ) c ker(4 f ). Indeed, this fact comes from 
the following computations (cf. [HI Subsec. 8.2]): if 7 = i/m, then a m ([7]i) = 



b m (X) 
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[Ai]- l (l - [A*]" 1 ), [val r - v 1 ( 7 )] 1 = [A*] - 1, and hence a m (h]i) = MM^MU)- 
It follows that there exists a morphism 

h m : X + (volRV 2bdd W)// s ' p -^!if + (volRESH)[[A 1 K ]- 1 ] 

such that the following diagram commutes 

Aj ker(6 m ® a m ) ► „4/ker(*) 

^ + (volRV 2bdd [*])// s ' p [^(volRESW)!^]- 1 ] 

where A denotes the semi-rings .K+(voiRES[*]) ® i-T + (voir bdd [*]). 

The morphism /i m of semi-rings induces a morphism of corresponding rings, that 
we shall use the same notation 

h m ■ if(volRV 2bdd [*])/^ p -^(volRESM)^]- 1 ]. 

4.3. The morphism T. This morphism is constructed in [181 Subsec. 8.4]. Denote 
by x the o-minimal Euler characteristic and consider the following morphisms 

a : K(vo\T[*}) -^(volRESH^A*]- 1 ] 

and 

/3 : #(volRES[*]) -)-!JC(volRES[*])[[Ai ; ]- 1 ] 

which are given, respectively, by a([A]) = x(A)(l — [A*] -1 )™ for [A] 6 A"(voir[n]) 
and P([X]) = [X][A l K ]- n for [X] G #(volRES[n]). Tensoring of a with /3 yields a 
morphism 

(3 ® 7 : #(volRES[*]) <8> K(voW[*]) -+\K (volRES!*])^]" 1 ]. 

Since ker(/3 ® a) C ker('I') (cf. [T8] Subsec. 8.2]), this morphism /? <g> 7 induces a 
morphism of Grothendieck rings 

T : if (volRV 2bdd [*]) ^^(volRESt*])^]" 1 ]. 

Proposition 8.4.1 of |TS] shows the relation between h m 's and T as follows. For any 
Y inif(volRV 2bdd W), the series J2 m >i h m (Y)T m is in !if (volRES^])^]- 1 ]^]]^, 
that is, it is rational. Furthermore, one has 

(9) lim Y] h m (Y)T m = -T(Y). 

m>l 

4.4. The morphism 9. Following [TB] and [TB], consider a sequence (t m ) m >i in 
the algebraic closure K &lg of X given by t\ = t, £™ m = t n for n > 1, and set 
tfc/m := t fc / m := rv(tfc/ m ). Let X be a if-definable set over RES. Since the 
sorts of RES are the k-vector spaces 

Vk/m ■= {x 6 RV : val rv (a;) = k/m} U {0}, 

one can view X as a definable subset of Vfe/m f° r some n, m and fej's. The 
group fi acts on X via /x TO . The image y of X under the K((f 1 / m ))-definable function 

is a K-definable subset of k™, that is, a constructible subset of A™, and it is endowed 
with a /x m -action induced from the one on X. In other words, the correspondence 



12 



LE QUY THUONG 



Ih>F defines a morphism of Grothendieck semi-rings X+(RES[*]) — > K+(Var£), 
which by [TB] Lem. 10.7] and [HI Prop. 4.3.1] induces an isomorphism 

6 :!X(RES[*])[[Ai]- 1 ] ^(Var*)^]- 1 ]. 

Composing the canonical morphism !i^(volRES[*])[[A^]- 1 ] ^!fsT(RES[*])[[Ai]- 1 ] 
with 8 and with !if(V r ar^)[[A^] _1 ] — > yields a ring homomorphism 

eiiA^voiRESM)!^]- 1 ]^^:^. 

4.5. The morphism HL. Let us consider now the compositions EL = O o T o J and 

HLm = 9° Kn ° J\ which both are ring homomorphisms from i4T(volVF bdd [*]) to 
M£. 

Recall from [18, Sec. 3] that, given G T, a definable set X C VF" x RV m is 
/3-invariant (resp. /3 + -invariant) if, for any (x, x') G VF" x RV m and any (y, y') G 
VF" x RV m with val(y) > /3 (resp. val(y) > (3), both (a;, a;') and {x,x') + (y,y') 
simutaneously belong to either X or VF" x RV m \ X. By [HI Lem. 3.1.1], for any 
definable subset X C VF" which is bounded and closed in the valuation topology, 
there exists a /3 G T such that X is /3-invariant. 

Let f3 G T, and K(m) denote ^((t 1 /" 1 )). Assume X C VF" x RV £ is a /3- 
invariant, bounded X-definable set. By [16], the i^(m)-points X(m) := X(K(m)) 
are the pullback of some definable subset X[m; f3] C (k^ 1 /™]/^)™ x RV e , and the 
propjection X[m;j3] — > VF" has finite fibers. If /?' G T with j3 < (5', then the 
identity X[m; j3'] = X[m; f3][K n K m{f3 ' holds in \K (RES). In other words, for any 
ft > /3, the identity 

V[m;/3'][Ai]-"" l/3 '] = V[m; P][k\]~ nml3 ] 

holds in the localization \K (RES)[[A^.] -1 ]. One denotes this common value by 
X[m], which does not depend on /3. By abuse of notation we also write X[m] for 
its image 0(V[to]) G through the ring homomorphism O mentioned in the 
previous subsection. 

Proposition 4.1. Let n, m G N and let X be a bounded definable subset X of VF". 

(i) We have HL m ([X]) = X[m). 

(ii) The power series X) m >i ^m{[X])T m is rational; furthermore, we have 

lim V HL m ([X])T™ = -HL([V]). 

T— >oo * — ' 

m>l 

Proo/. The item (i) follows from [H Prop. 8.2.1], while the item (ii) from QH 
Prop. 8.4.1], i.e. © as above. □ 

Using HL one can describe motivic classes of algebraic varieties through data on 
if(volVF bdd [*]). For instance, consider X a smooth connected algebraic k- variety 
of dimension d and / : X — > A* a non-constant regular function. Let ir denote the 
reduction map X(i?) — > X(k). Then 5/ jX , with a closed point x G Xo, is the image 
through HL of the class in if(volVF bdd [*]) of the following definable subset of VF rf 
(see PJH Cor. 8.4.2]) 

{x G VF d : val(x) > 0,rv(/(x)) = rv(t),Tr(x) = x}. 
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5. Proof of the regular version (Theorem II. 2p 

5.1. Data of / in the ring if(volVF bdd [*]). Let us consider the regular function / 
of Theorem l 1 . 2l and its data which are naturally saved in the measured Grothendieck 
ring iT(volVF bdd [*]). Denote by h the restriction of / to Af 3 . 

Let 7T : k d K {R) -> A£(k) and tt' : A^(R) -> Af 3 (k) be the reduction maps. As 
seen in Subsection l4.5[ the definable sets 7r' _1 (0) and 7r _1 (A^ 1 ) will possibly provide 
a lot of information on respectively Sh.o and J d X i*Sf. Consider the following 
definable subsets 

X = {(x, y, z) G VF d : 7r(or, y, z) G Af 1 , rv(/(ar, y, z)) = rv(i)} 
(10) J d V al(^) > 0,va%) > 0,vah» > 

~V ' rv(/(z,y,z))=rv(i) 

and 

Z = {z e VF d3 : ir'(z) = 0, rv(/(0, 0, z)) = rv(t)} 
= {z e VF* : val(z) > 0, rv(/(0, 0, z)) = rv(t)}. 
Now decompose X into a disjoint union X = Xq U Xi with 

Xq = {(x, y, z) G A : val(a;) + val(y) = cx)} and 
Xi = {(x, y,z) G X : val(x) + val(y) < oo}. 
and write Xo = Yq x Zo with Zo as in (|11| . 

y = {(a:,!/) G VF dl+rf2 : val(x) > 0, val(y) > 0,val(a;) + val(y) = oo}. 
In the following subsections, we are going to prove that 

HL.QX]) = f i*S f , HlQXq]) = [A^S^o, and H.([*i]) = 0. 

5.2. Computation of HL([X]). Recall that 

X = {(x, y, z) G YF d : 7r(a;, y, z) G A dl , rv(/(x, y, z)) = rv(t)}, 
and it is l + -invariant, hence /3-invariant for any /3 G N, /3 > 1. For m > 1, we have 
X[m;/3] = W G A^(/#/™]/^) : ^(0) G A* rv/fe>) = rv(t)} 
= {<p G A^t* 1 /™]/**) : ^(0) e A^ 1 , /(p) = t mod 

which is isomorphic as a K-variety via the morphism i 1 /" 1 i— ^ t to the K-variety 
G k d MW mf> ) ■■ <P(P) 6 A*,/feO = r mod 
SA^- 1 )x(X m (/)Xx A^ 1 )- 

Thus 

HL m ([X]) = X[m] = [X[m;/3]][Ai]- m ^ 

= [x m (/)x Xo A^[A^]-'" d = / r([x m (fmx a r md )- 

J At 1 

Since 

5 / = - lim £[X m (/)M ]-™ d T™ 

m>l 
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we deduce from Proposition 14. II that 

HL([X]) = - lim £lL TO ([X])T ro = [ i*S f . 

jn>l M l 

5.3. Computation of HL([Xo]). Decomposing Yq into the disjoint union of defin- 
able sets = {x G VF dl : val(x) > 0} and y o 2 = {y G VF d2 : < val(y) < oo}, 
one has 

}L([X }) = (MlYo 1 }) +YL([Y 2 ]))IL([Z }). 

We now claim that iL^ 1 }) = [Al] d \ HL([F 2 ]) = and tt.([Z ]) = Sh,o- 

First note that Yq 1 is l + -invariant, thus (3- invariant for any /3 G N and /? > 1. 
For any integer m > 1, 

lo'Kfl = fax e A^t 1 /™]/^) : ^(0) G A*} 

S G A*(«WA^) : (0) G A*} = C m p(A dl ). 

Hence 



= w = [Cm^mir^ = [ai 



thus, by Proposition 14. 11 

«■([#]) = Um ^m([Y^])T m = lim [A^— ^— = [A*]*. 

T->oo * — ' T— >oo 1 — 1 

m>l 

Also, since Y 2 = {y G VF da : val(y) > 0} \ {0}, so for any m > 1, 
F 2 [m-J] = {tp 2 G A*»(/s[tV"»]/^) : ^( ) = 0} \ {0} 
^te€A^(K[i]/O^ 2 (0) = 0}\{0} 

= An J 9,0(A*)\{0}. 

Thus 

IL m ([Y 2 ]) = lL m {[{y G VF rf2 : val(y) > 0}]) - HL TO ([{0}]) 

= [A nft o(A*)][Ai]- w *^-l 
= 0. 

Hence HL([Y 2 ]) = — lim T -i.oo Z)m>i H^CK?]) = 0- Finally, for m > 1, similarly as 
pevious, HL m ([Zo]) = ["X m ,o(h)] [Al]~ md3 , we deduce from Proposition 14. 1 1 that 

HL([Z ]) = - lim V *M[Z ]) = «S M . 

T— >oo ' — ' 

m>l 



In conclusion, one has 



fL([X ] = (iLdlo 1 ]) +IL([y 2 ]))lL([Z ]) = [Ai]*S h 



5.4. Computation of HL([Xi]). Notice that the multiplicative group G m K ai s acts 
freely on (VF dl \ {0}) x (VF d2 \ {0}) x VF d3 by r ■ (x,y,z) = (tx^'^z) for 
t G G m This yields a canonical projection p : X± — > X\ of X± onto the 

quotient set X\ (see p76|. Rmk. 3.54]). Here, X\ is the set of orbits of G TO k *>* on 
the definable set X\, and it can be described explicitly as follows. Recall that, in this 
context, m = {r G K alg : val(r) > 0}. Note that the embedding of multiplicative 
groups 1 + m C G m jfaig induces a bijection of definable sets 



((VF dl \ {0}) x (VF d2 \ {0}) x YF d3 )/&, 
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and 

P := ((VF dl \ {0}) x (VF d2 \ {0}) x VF d;! ) /(l + m). 

Note that P is a finite disjoint union of definable sets of the form RV 1 x VF d3 , 
where i — 2, . . . , d\ + d,2- (More precisely, for each i = 2, . . . , d% + cfe, there are 



E [(£) + (£)] 



21 >1,22 >1,«1 +*2— 2 

copies of RV 1 x VF d3 in the disjoint union.) Furthermore, the function / is constant 
on each orbit, hence it induces a function on P, which we still denote by /. Then 
Xi is a following definable bounded set in volVFQ dd [*] 

Xi = {£ = (5, y, z = ( Zl , z d3 )) G P : val(z) > 0, f(£) = t}. 

An element of X\ = X\/G m K ai s is an orbit £ := G m ^-ai g ■ (x, y, z) C\X\ of the form 

I = {(tx, r~ 1 y, z) : -val(x) < val(r) < val(y)}, 

that is, an annulus definably isomorphic to 23(0, r) \ 23(0, r') for some r, r' G Q. For 
each £ in X\, we shall denote by p(£) and f(£), respectively, the valuative radii of 
the biggest and smallest closed balls which define the annulus £, i.e. 

= min{val(0 : £ £ £}, = sup{val(0 : £ £ f}. 

Q Q 

Let us consider the boundedly represented functions cf> : X\ — > (volVFQ dd [*]) 
sending I to [23(0, ,u(£))], and ?/> : X -> iff (volVFqj dd [*]) sending £ to [23(0, 
Defining a definable function £ : X\ — ¥ iff (volVFQ dd [*]) as the difference <j> — ip, 
that is £(£) = [p _1 (0]i we now arrive to consider the following integral 

d 3 



[ p -'(0] = [x,] ■ [o]i 

x 1 J£eXi 

(see again the defintion of integration in Subsection I3.3|) . Note that for any £ e X\, 
for any (x,y,z) £ f, the number i/(£) — /x(£) = val(x) + val(y) depends only on 
£, not on the representative (x,y,z). Thus we can consider a definable function 
A : Xt -> Q defined by A(£) = v(£) - fi{£). Set Xi j7 := A" 1 ^) C X x . Composing 
A with p : X\ — >• X\ yields a definable function A : X\ — > Q such that p 7 : X i j7 — > 
Xi 7 are compatible to p, i.e. -Xi )7 = Xi i7 /G m #-ai g , one has 

If we fix a 7 £ Q, then all the annuli p~ 1 (^), with £ varying in Xi 7 , are definably 
isomorphic, since they have the same modulus A(£) = 7. One deduces that 

Pi] ■ [o]r d3 = / * = / [x ln ][ P -\a 

JXi J 7GQ 

Then, by the Fubini theorem and by the fact that HL([0]i) = 1, one has 
HL([X 1 ])=IL( / [X ln ][p-\£)])= [ lL([X ln })lL([p^ (£)})■ 
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We now compute HL([p 7 1 (£)]). Note that the annulus p 7 1 (0 can be written as 
the difference 23(0, r) \ 23(0, r + 7) for some r G Q, hence 

^([p- 1 ^)]) = HL([23(0, r)]) - IL([B(0, r + 7)]). 

Write r = p/q with (p, q) = 1. A simple computation gives that 

if n = mg 



IL n ([B(0,p/ 9 )]) = 

Therefore 



if g { n. 

a.([B(0,p/«)]) = - lim £ H TO ,([3(Q > p/g)])r 



m>l 



= - lim V[A* L 1 " J n 

m>l L Kj 

This not depending on r = _p/<? £ Q, HL([p- 1 (|)]) = 0, so HL([Ai]) = 0. 

6. Special formal schemes and associated rigid varieties 

From now on, we work over any non-archimedean complete discretely valued 
field K of equal characteristics zero, with valuation ring R, with m the maximal 
ideal of _R, and with residue field k = R/m. Let us fix a uniformizing parameter 
w in R, i.e., a generator of m. In Sections [8] and El we consider K = «;((£)) and 
R = n[[t]] with k algebraically closed. 

6.1. Special formal schemes. A topological i?-algebra A is said to be special if A 
is a Noetherian adic ring such that, if J is an ideal of definition of A, the quotient 
rings A/J n , n > 1, are finitely generated over R. By [3], a topological i?-algebra 
A is special if and only if it is topologically i?-isomorphic to a quotient of the 
special i?-algebra R{T\, . . . , T n }[[5i, . . . , S m ]]. An adic i?-algebra A is topologically 
finitely generated over R if it is topologically i?-isomorphic to a quotient algebra of 
the algebra of restricted power series R{Ti, ...,T n }. Evidently, any topologically 
finitely generated i?-algebra is a special i?-algebra. We refer to [31 Lem. 1.1] for a 
list of essential properties of i?-special algebras. 

A formal i?-scheme X is said to be special if X is a separated Noetherian adic 
formal scheme and if it is a finite union of affine formal schemes of the form Spf(^4) 
with A a special i?-algebras. A formal i?-scheme X is topologically of finite type 
if it is a finite union of affine formal schemes of the form Spf(yl) with A topo- 
logically finitely generated i?-algebras. It is a fact that the category of separated 
topologically of finite type formal i?-schemes is a full subcategory of the category 
of i?-special formal schemes, and both admit fiber products. On the other hand, 
a special formal i?-scheme is separated topologically of finite type over R if it is 
i?-adic. If X is a special formal i?-scheme, any formal completion of X is a special 
formal i?-scheme. Furthermore, by pH], special formal i?-schemes are excellent. 

A morphism 2) — > X of special formal i?-schemes is called a morphism of locally 
finite type if locally it is isomorphic to a morphism of the form Spf(B) — > Spf(^4) 
with B topologically finitely generated over A. 

The following are some notations which will be used in the rest of this chapter. 
For X a Noetherian adic formal scheme, we denote by Xo the closed subscheme of X 
defined by the largest ideal of definition of X. Note that Xo is a reduced Noetherian 
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scheme, that the correspondance X i— > Xo is functorial, and that the natural closed 
immersion Xo — > X is a homcomorphism. If X is a special formal i?-scheme, Xo is a 
separated ^-scheme of finite type. We shall denote by X s the special fiber Ixjjk of 
X. By definition, X s is a formal K-scheme. If X is separated topologically of finite 
type then X s is a separated K-scheme of finite type, and Xo = (X s ) ro( j- 

6.2. The generic fiber of a special formal scheme. Let X be a special formal 
i?-scheme. Then one can associate to X a rigid JsT-variety denoted by X n due to [4] 
or [7] , this rigid variety is called the generic fiber of the formal scheme X. The X n 
is separated, but in general, not quasi-compact. Furthermore, the correspondance 
X i v X v is functorial, i.e. it defines a functor from the category of special formal R- 
schemes to the category of separated rigid if- varieties. A special formal i?-scheme 
X is called generically smooth if its generic fiber X v is smooth over K. 

Because of working only on affine formal schemes we shall recall the explicit 
construction of generic fiber in this case, following [7J, [32]. Now assume that 
X = Spf(«4) with A a special i?-algebra. Let J be the largest ideal of definition of 
A. For each integer n > 1, we put 

A\w- x J n \ = {A U vj- 1 J n ) cA® R K, 

i.e. the subalgebra of A®rK generated by A and m~ 1 J n . If B n denotes the J"-adic 
completion of A\uo~ x J n \ , then C n = B n ®nK is an affinoid i?-algebra. The inclusion 
jn+i (- jn mc i UC es a natural morphism of affinoid i?-algebras c„ : C n+ i — > C n , and 
in its turn, c„ induces an embedding of affinoid if-spaces Spm(C„) — > Spm(C„+i). 
Then one defines 

X n = |J Spm(C„). 

There is a specilization map sp : X^ — > X defined as follows. Let x E X v , and 
1 C A®rK the maximal ideal in A<E>rK corresponding to x. Put X' — IDA C A. 
Then sp(x) is the unique maximal ideal of A containing zu and T' . If Z is a locally 
closed subscheme of X rc d then sp _1 (Z) is an open rigid subvariety of X r) , which 
is canonically isomorphic to (X/z)ri, the generic fiber of the formal completion of 
X along Z (cf. [7] Sec. 7.1]). In particular, if Z is closed, defined by the ideal 
(gi,.. .,5 S ) of A, then 

sp^Z) = {x e Xrj : \g%{x)\ < l,i = 1, . . . ,s}. 

The construction of specialization map can be generalized to any special formal 
i?-scheme (cf. [7J). 

6.3. Resolution of singularities of a special formal scheme. Conrad in [6 
introduces the notion of normalization of a special formal scheme, and Nicaise in 
[32j recalls the definition of irreducibility in formalism. Let X be a special formal 
i?-scheme, and n : X — > X a normalization map (which is a finite morphism of 
special formal i?-schemes). Then X is called irreducible if the underlying topological 
space |X| = |(X)o| is connected. For any special formal i?-scheme X, we denote by 
Xi, i — l,...,r, the (topologically) connected components of X, and by rij the 
restriction of n to X^. Let Xi denote the reduced closed subscheme of X defined by 
the kernel of the natural morphism Ox — > (ni)*0^.. Then X,, i = 1, . . . , r, are the 
irreducible components of X. In particular, the irreducible components of an affine 
special formal i?-scheme Spf(,4) correspond to the minimal prime ideals of A (see 
[321 Lem. 2.29]). 
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Let I be a regular special formal i?-schcme, i.e. Ox,x is regular for any x £ X, 
and 2; a closed formal sub-scheme of X. Recall from |32j that (£ is a strict normal 
crossings divisor if, for each x in X, there exists a regular system of local parameters 
(xq, . . . , x m ) in Ox,x, such that, at x, the ideal defining 2; is locally generated 
by rifco x j i f° r some natural Nj, j — 0, . . . , m, and such that the irreducible 
components of <£ are regular. By [351 Lem.-Def. 2.36], if 2;^ is an irreducible 
component of £ which is defined locally at x by the ideal (a^™*), then the number 
mi is constant when x varies on 2;^. We call the natural number the multiplicity 
of <Bi and denote it by m((£j). Then, if (£i, . . . , € r are the irreducible components 
of 2:, we can write £ as a Weil divisor as follows 

r 

i=i 

Let X be a generically smooth, flat special formal i?-scheme. By definition, 
a resolution of singularities of X is a proper morphism of flat special formal R- 
schemes f) : 2} — > X, such that f) induces an isomorphism on the generic fibers, 2J is 
regular with the special fiber 2) s a strict normal crossings divisor. As seen in the 
following theorem, in the case characreristic zero, such a resolution of singularities 
of a generically smooth, flat special formal i?-scheme does exist. 

Theorem 6.1 (|gg], Thm. 3.4.1 and [35], Prop. 2.43)). Any generically smooth 
flat special formal R-scheme X admits a resolution of singularities. If in addition, 
X is afflne, one can get the resolution of singularities by means of formal admissible 
blow-ups. 

Let us explain some terminologies in the previous theorem, following |32j . Let 
X be a Noetherian adic formal i?-scheme, J an ideal of definition of X, and X a 
coherent ideal sheaf on X. Then by definition, the formal blow-up of X with center 
X is the morphism of formal schemes 

2) := lim Proj( X m ® 0x (O x /J n )) -> *. 

«>1 m>0 

Note that 2J is an adic formal i?-scheme, and that the ideal XO<y is invertible 
on 2J. The blow-up f) : 2J —> X satisfies the following universal property: for each 
morphism of adic formal i?-schemes f)' : 2J' — > X such that lO^y is invertible, there 
exists a unique morphism of formal i?-schemes 9 : 2J' — » 2) such that ()' = f) o 6. 
Furthermore, the formal blow-up t) : 2) — ^ X commutes with flat base change, with 
the completion of X along a closed subscheme 3 C X s as well (cf. [321 Prop. 2.16]). 

Assume that X is a special formal i?-scheme, and I is open with respect to the 
■ccj-adic topology, i.e. I contains a power of w. Within this condition, the blow-up 
fj : 2J — > X with center I is called admissible. By [32l Cor. 2.17], if f) : 2J — > X is an 
admissible blow-up, 2J is a special formal i?-scheme, and if, in addition, X is i?-flat, 
so is 2J. Furthermore, the induced morphism of rigid if- varieties l) v : 2)^ — > X„ is 
an isomorphism (cf. [351 Prop. 2.19]). 

Here is the definition of dilatation of a flat special formal scheme. Let X be 
such a formal i?-scheme, and X a coherent ideal sheaf on X containing w. Let 
f) : 2) — > X be the admissible blow-up with center X. Then, if it is the open formal 
subscheme of 2J where XOy is generated by w, we call it — > X the dilatation of 
X with center X. Like admissible blow-ups, dilatations commute with flat base 
change, with the formal completion along closed subschemes (cf. [321 Prop. 2.21, 
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2.23]). Furthermore, by [32j Prop. 2.22], if 2" is open, il is separated topologically 
of finite type. 

6.4. Motivic Milnor fiber of a formal function. Let us consider a special 
formal 7?-scheme X with a non-constant formal function f : X — > Spf(i?) as the 
structural morphism. By Theorem 16. 1[ there exists a resolution of singularities 
of X. Fix such a resolution of singularities f) : 2) — > X. Let (£j, i e J, be the 
irreducible components of divisor 2) s = f) _1 (X s ). Assume that the divisor 2) s is 
written as 2) s = Ni<Bi. For nonempty I C J, we put 

(£ / = f|(£ l , <£f = £j \ IJ <£j. 

iei j0 

Let Ei = (CiJo, 2 € J, and E, = fliei^i. = #J \ \J jf u E if M^J. Then 
Ej = (<£i)o for any 8 / I C J. In particular, if X is separated topologically of finite 
type, E,* = for any i € J. 

Let 17 be an affine Zariski open subset of 2)o such that U H Ej ^ 0, and on 
£/ n Ej, fo o ()o = ""Ilie/ yf*' w ith u a unit and a local coordinate defining Ei. 
Let mi denote the greatest common divisor of (Ni)i<=i. Define an unramified Galois 
covering 717 : Ej — » E^ with Galois group fi mi given over f7 fl Ej by 

C7nE| := e Ai x (C/HE^Iz^ =«( 2 ;)- 1 }. 

Choose a covering of Ej consisting of such open subsets U <~) Ej, then the Galois 
coverings U H Ej over U D Ej can be then glued together in an obvious way to 
a covering E|, which has a natural ji mi -action (obtained by multiplying the z- 
coordinate with elements of fj. m ,)- The fi mi -action induces a good /i- action over 
Ej (see [E1QT], [5]). Then the /t-equivariant morphism fjo ° 717 : Ej — > Xo defines a 
class [Ef] in M| q . 

The motivic Milnor fiber Sf of the formal function f : X — > Spf(E) is defined as 
follows 

(12) S f := (l-IAk]) 171 - 1 ^]- 

0#/CJ 

It is an element of the Grothendieck ring M^ o . Let us explain why the definition 
of Sf is independent of the choice of resolution of singularities of X. Observe that 
after taking the reduction of a formal K-scheme, the above construction of the 
Galois covering with Galois group fi mi is exactly the construction of Denef-Loeser 
in [13] • In other words, Denef-Loeser [T3] use resolution of singularities to formulate 
an expression of the motivic Milnor fiber of a regular function, while base on the 
resolution of singularities of a special formal scheme (X, f) we use that formula to 
define the motivic Milnor fiber of f. Therefore, also as in Denef-Loeser rT2], the 
formula [T2l does not depend on a particular resolution of singularities of X. 

Let x be a closed point oiX®. Then we can define the motivic Milnor fiber <Sf, x of 
the formal function f at x to be ({x} <^-> Xo)*Sf. This definition of Sf. x is compatible 
with that of Sf in the following sense. Let X/ x be the formal completion of X along 
x. Let f x : X/ x — > Spf(-R) be the formal function induced from f : X — > Spf(E). 
Then the above definition can be applied for f x , and we have 

({ x }^x Q ys f = s u = J2 (i-KD'M^nf^x)]. 
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The motive <Sf jX is an element of the Grothendieck ring Mjf. 

7. MOTIVIC INTEGRATION ON FORMAL i?-SCHEMES 

7.1. The Greenberg functor. The main reference for this subsection is [13], we 
can see also [26, 33 . 

For n > 0, let R n := R/ (w n+1 ). In 13 j, Greenberg showed that, for any 
i?„-scheme X„ topologically of finite type, the functor y M> Hom^Cy x K R n ,X n ) 
from the category of K-schemes to the category of sets is presented by a K-scheme 
Gr„(X n ) topologically of finite type such that, for every k- algebra A, 

Gr n (X n )(A)=X n (A® K R n ). 

Let X be a formal i?-scheme quasi-compact, separated, topologically of finite 
type. Then it can be considered as the inductive limit of the i? n -schemes X n = 
(X,Ox <8fl R n ) in the category of formal i?-schemes. The canonical truncation 
morphisms R n +i — > R n induce canonical morphisms of K-schcmcs 

: Gr„ + i(X n+ i) — > Gr n (X n ) 

for every natural n. This follows that there is a canonical way to associate the formal 
i?-scheme X to a projective system (Gr„(X„)) ng N in the category of separated k- 
schemes of finite type. The morphisms being affine, the projective limit Gr(X) 
of the system (Gr n (X n )) ng N exists in the category of K-schemes. Notice that we 
shall write Gr„(X) for Gr„(X„) from now on. The following lemma is useful for 
Subsection 1731 

Lemma 7.1 (Greenberg p~3J). The functor Gr respects open and closed immersions 
and fiber products, and it sends affine topologically of finite type formal R-schemes 
to affine K-schemes. 

For a formal i?-scheme X quasi-compact, separated, topologically of finite type, 
for n 6 N, we denote by n nt %, or simply 7r n , the canonical projection Gr(X) — > 
Gr ra (X n ). By [33], the image 7r„(Gr(X)) of Gr(X) in Gr„(X„) is a constructible 
subset of Gr„(X n ). If, in addition, X is smooth and of relative dimension d, then 
by [31 Lem. 3.4.2], 

• the morphism 7r„ : Gr(X) — > Gr„(X ra ) is surjective, and 

• the canonical projection Gr„ +m (X Jl+TO ) — > Gr„(X„) is a locally trivial fi- 
bration for the Zariski topology with fiber A^? m . 

We refer to [33] Subsec. 4.2] for the definition of piecewise trivial fibration, which 
is mentioned in the following 

Proposition 7.2 (Sebag [33], Lem. 4.3.25). Let X be a quasi-compact separated 
flat topologically of finite type formal R-scheme of relative dimension d. There is 
an integer c > 1 such that, for e G Z and n G N with n > ce, the projection 
7i"n+i(Gr(X)) — > 7r„(Gr(X)) is a piecewise trivial fibration over ir n (Gr (e) (X)) with 
fiber K d K , here Gr (e) (X) = Gr(X) \ 7r- 1 (Gr e (£ lte g ie )). 

7.2. Loeser-Sebag's motivic integration. Let X be a separated quasi-compact 
formal i?-scheme topologically of finite type. By definition, a subset A of Gr(X) is 
cylindrical of level n > if A — 7r~ 1 (C) with C a constructible subset of Gr„(X). 
Denote by C% the set of cylindrical subsets of Gr(X) of some level. Then Cx is a 
Boolean algebra, and it is stable by finite intersection, finite union and by taking 
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complements. If A is cylindrical of some level, then ir n (A) is constructible for any 
n > (cf. [26]). 

Assume in addition that X is flat and of relative dimension d. A cylinder A of 
Gr(X) is called stable of level n if it is cylindrical of level n, and if for every to > n 
the morphism 7r m+ i(Gr(X)) — > 7r m (Gr(X)) is a piecewise trivial fibration over n(A) 
with fiber A^. Note that if X is smooth, every cylinder in Gr(X) is stable. We 
shall denote by Co,£ the set of stable cylindrical subsets of Gr(X) of some level. In 
general Co^ is not a Boolean algebra, but it is an ideal of C%. 

Proposition 7.3. There exists a unique additive morphism 

ft : C ,3£ -> M Xa 

such that ft(A) — [7r„(A)][A^J - (" +1 ) d for A a stable cylinder of level n. 

Proof. Let A be a stable cylinder of level n of Gr(X). By Proposition 17.21 the map 
0™\n m (A) '■ ^m(A) — > Tr n (A) is a piecewise trivial fibration with fiber A« ™' )<i . On 
the other hand, by Lemma 17. 11 the functor Gr respects fiber products. Therefore 
one has an identity in M. Xo as follows 

[n m (A)] = [n n (A)][A Xo }^ d , 

where [7r n (A)] is the class in M, Xo of the morphism Tr n (A) — > Xo induced from the 
natural morphism Gr n (X) — > Gr (X) = Xo- It follows that 

[n m (A)][A Xo ]~^ d = M^)][Ai- o r (n+1)d 

for any m > n. Since A is a stable cylinder of level n, it is stable of level m > n, 
thus fi is well defined. The additivity of fx is obvious by definition. □ 

Let JAxg denote the completion of with respect to a filtration F' whose 
m-piece F m M Xo is the subgroup of M Xo generated by [<5][A^ o ] _J with dim(5) — 
i < —to. As similarly explained in one can extend ft to a unique additive 

morphism fi : C x — > M_^ with the property that n(A) = linie^oo fi(A D Gr^ e ^(X)), 
where the limit on the right side exists in M, Xo according to Prop. 3.6.2(1)]. 
Furthermore, consider a larger class T> x containing C x of measurable subsets of 
Gr(X). By a measurable subset A of Gr(X) we mean for every positive real number 
e there exists a sequence of cylindrical subsets Ai (e) (i S N) with the symmetric 
difference A U A (e) \A(~] A (e) contained in 1J 4>1 Ai(e) and ||/i(Aj(e))|| < e for 
all i > 1. Then, once again, \x can be extended to a unique additive morphism 
fi : Dj — > M, Xo such that n(A) = lim^o fi(Ao(e)) for any sequence Aj(e) in the 
definition of measurability of A (see [26, Def. 3.7.1, Thm. 3.7.2]). 

For a measurable subset A of Gr(X) and a function a : A — > Z U {oo} we say 
that [A^J - " is integrable or that a is exponential integrable if the fibers of a are 

measurable and if the following sum (motivic integral) converges in Mj 
[AjE ]-° , ^:=53/i(«- 1 (n))[A^]- w . 

If all the fibers a" 1 (n) are stable cylinders and a takes only a finite number of 
values on A, we can use the restriction fl instead of fj,, and the motivic integral then 
takes values in M^o- In this case, we shall denote the integral by J A [A^ ]~ a djl. 

^In |26| , the measure fi is defined to take values in the ring M K . 
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7.3. Integral of a differential form. Let X be a flat, quasi-compact, separated, 
topologically of finite type generically smooth formal i?-scheme equidimensional of 
relative dimension d, let to be a differential form in fi^^X). Assume a; is a point 

of Gr(X) \ Gr(X s j ng ) defined over some field extension n' of n. Let R' = R® K n' ', 
and let ip : Spf(i?') -> I be the morphism of formal i?-schemes corresponding to 
x. Since L := (ip* ft X ^ R )/ (torsion) is a free O^z-module of rank 1, its submodule 
M generated by cp*u> is either zero or w n L for some n G N. Then ord ro (w)(a;) is 
defined to be oo or n, respectively. 

Because of a canonical isomorphism tt x (X^) = f25L R (X) <&r K, one can write 
a differential form ui in fl x (X,,) as a product ui = xn~ n (b with cD G ^^(X) and 
neN. Then we set ord TO] ^(w) := ord ro (d>) — n. This definition does not depend on 
the choice of ui. Let w be a differential form in fl x (X v ). By [2^ Thm.-Def. 4.1.2], 
the function ord roj 3e(o;) is exponentially integrable on Gr(X), so we can define 

Gr(X) 

Following |29] , by a weak formal Neron model of X v we mean a smooth formal 
i?-scheme 2) topologically of finite type such that 2),, is an open rigid subspace of 
X v and the canonical maps 2J(i?) — > X V (K) are bijective for any finite unramified 
extension K of K, R is the normalization of R in K. By Prop. 2.7.3] there 
exists a formal model X of X v whose i?-smooth locus is a weak formal Neron model 
of X, ; . Let a; be a gauge form on X, ; . Since ft x (X, ( ) = fl x ^ R (X)<E)RK, one can write 
ui = td~ u uj with a) G fi^| fi (X) and n G N, and we put ord roi x(w) := ord ro (£l)) — n, 
this definition is independent of the choice of ui due to Subsec. 4.1]. Assume 
that some open dense formal subscheme 2) of X is a weak formal Neron model of X, ; . 
Then, since 2) is smooth, is locally free of rank 1 over Oig, i.e. there is a open 

covering {il^} of 2J such that f2^| fl (ili) is free of rank 1. Therefore, for every i, there 
is an fi in 02,(11,) such that uG^&i) ® = (/i)<%(Hi)- It implies 

that the restriction of the function ord^w) to Hi is equal to the function ord ra (/i) 
which assigns ord^(fi((p)) to a point <p G Gr(ili). Let / be the global section in 
02j(il) such that f — fi on Hi. Then, by glueing ord ro (/i)'s altogether, we obtain 
a function ord ro (/) : Gr(X) = Gr(2J) — > Z which is equal to ord CT (£l>). Since w 
is a gauge form, / induces an invertible function on X v , hence by the maximum 
principle ord ro (/) takes only a finite number of values (see [26], the proof of 4.1.2). 
Therefore ord roi ^(aj) takes only a finite number of values and its fibers are stable 
cylinders. In this case, we put 

u\:= [ {A Xo }-° rd ^->dfL£M Xo . 

X JGi-(X) 

Note that this definition does not depend on the choice of the Neron model. 

7.4. Motivic integration on special formal schemes. In the context of work- 
ing on special formal schemes, we shall use a stronger notion than weak Neron 
model, it is called Neron smoothening. Let X be a special formal i?-scheme. By a 
Neron smoothening for X we mean a morphism of special formal i?-schemes 2) — > X, 
with 2) adic smooth over _R, which induces an open embedding 2)^ — > X v satisfying 
%) V (K) — X V (K) for any finite unramified extension K of K . 
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Proposition 7.4 (Nicaise |32j). Any generically smooth special formal R-schemes 
X admits a Neron smoothening 2) — > X. Moreover, we can choose 2) to be a quasi- 
compact, separated, topologically of finite type generically smooth formal R-scheme. 

In particular, if in addition X is flat and h : 2J' X is the dilatation with center 
X s , then 2J' is a separated, flat, topologically of finite type generically smooth 
formal i?-scheme (cf. [32]). Hence we can choose a Neron smoothening 2) for X to 
be a Neron smoothening for 2J' (in the way of [29] Thm. 3.2]). 

In [32], Nicaise defines motivic integral on special formal .R-schemes in the fol- 
lowing way. Let X be a generically smooth, flat, special formal i?-scheme, and 
h : 2J — > X be the dilatation with center X s . If a; be a differential form of maximal 
degree (resp. a gauge form) on X v , then one defines 



(13) / M := / \u\ inM Xo (resp. in M Xo ) 

Jx J%> 

(the integrals on the right were already defined in Subsection IT. 3|) . If X be a 
generically smooth, special formal i?-scheme, we denote by X flat its maximal flat 
closed subscheme (obtained by killing tn-torsion) , and define 



(14) / H:= 

Jx Jx il °- 

The following proposition gives an equivalent definition of integral on special 
formal i?-schemes X using a Neron smoothening for X. 

Proposition 7.5 (Nicaise [32], Prop. 4.7, 4.8). Let X be a generically smooth spe- 
cial formal R-scheme, and 3)4la Neron smoothening for X. If U) is a differential 
form of maximal degree (resp. a gauge form) on X n , then 

(i) the identity J x \lo\ = j„ \uj\ holds in Mje (resp. in M.x ); 

(ii) the image of J x \lu\ under the forgetful Mj — > M K (resp. M.x„ — > M K/ ) only 
depends on X^, not on X. We shall denote it by J x \uj\. 

7.5. Motivic integration on bounded smooth rigid varieties. Let X be a 

generically smooth special formal i?-scheme. We consider the forgetful morphisms 
J x : Mx —> M K and J Xq : M^ — > M K . By Proposition 17.51 if ui is a differential 

form in il^ (X,,), then J x ( J x |w|) in M K only depends on X,,, not on X. We define 
the integral on such type of rigid K- varieties as follows 

M) el, 

Similarly, if cj is a gauge form on X v , the image ( J x |w|) in M K only depend on 
X n and not on X, so put 

w|) el, 

X JX 

The previous type of rigid if -varieties (i.e. generic fiber of a generically smooth 
special formal scheme) is in fact a particular case of bounded rigid if- varieties, 
mentioned in Nicaise-Sebag |30j . By definition, a rigid if- variety X is bounded if 
there exists a quasi-compact open subspace Y of X such that Y(K) = X(K) for 
any finite unramified extension K of K. On a quasi-compact smooth rigid variety 
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the motivic integral was already defined by Loeser-Sebag |26j . and inspired by this, 
Nicaise-Sebag [30 extend the notion to bounded smooth rigid if-varieties. If the 
previous X is smooth, so is Y, and one can define J x \u\ := Jy In general, the 

J x \lo\ lives in M K , however if lo is a gauge form, the J x \u\ is in M K . The integral 
is well defined, due to [30j Prop. 5.9]. 

Given a natural d. Let GBSRig^ be the category of gauged bounded smooth 
rigid if- varieties of dimension d, i.e. each object of GBSRig^- is a pair (X, to) with 
X a bounde smooth rigid if- variety of dimension d and lo a gauge form on X, 
and each morphism h : (X',lo') — > (X,cj) in GBSRig^- is a morphism of bounded 
smooth rigid if -varieties h : X' — > X such that h*Lo = lo' . The Grothendieck group 
if (GBSRig^-) is the quotient of the free abelian group generated by symbols [X, lo] 
with (X,lo) in ObGBSRig^ by the relations [X',lo'} = [X,lo] if (X',lo') = (X,lo) 
in GBSRig^, and 

[xm= E (-^-'[OrMoA, 

0#/CJ 

whenever (Oi)igj is a finite admissible covering of X, Oi = f] ieI Oi for any I C J. 
One puts 

if(GBSRig K ) :=0if(GBSRigl) 

d>0 

and defines a product on it as follows [X, to] ■ [X',co'] := [X x X',lo x lo']. Together 
with this product, the Grothendieck group if (GBSRig^) becomes a ring. 

Proposition 7.6. There is a unique ring homomorphism <!> : if (GBSRig^-) — > JA K 
such that &([X,u)]) = J x \lo\. 

Proof. For [X,lo] in if (GBSRig^), we set <!>([X,lo]) = J x \lo\. The additivity of $ 
is clear by the definition of J x \u>\ and [551 Prop. 4.2.1]. Let [X, lo) and [X',u>'] 
be in if (GBSRig^). If Y and Y' are quasi-compact smooth rigid if -varieties such 
that Y(K) = X(K) and Y(K) — X(K) for any finite unramified extension if of 
if, then so is (Y x Y'){K) = (X x X')(if), since (y x Y')(K) = Y(K) x Y'(K) 
and (X x X')(K) = X(K) x X'[K). One deduces from definition and 26, Prop. 
4.2.1] that 




This finishes the proof. □ 
7.6. Volume Poincare series. 

Notation 7.7. For m > 1, let if (m) := if [T]/(T m - m) be a totally ramified 
extension of degree m of if, and R(m) := R[T]/(T m — w) the normalization of R 
in if (to). If X is a formal i?-scheme, we define 3£(m) :=Ixjj R(m) and X v (m) := 
Xr) Xk if (to). If w is a differential form on X,,, we denote by w(m) the pullback of 
lo via the natural morphism X n (m) — > X n . 

Let X be a generically smooth special formal i?-scheme, lo a gauge form on X^. 
The volume Poincare series of (X, w) is defined to be an element of Mje [[T]] as 

(15) S(X,co;T) := ( [ l w ( m )l ) T ™- 

m>l \^(™) / 
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In general, by [32, Rmk. 4.10], the volume Poincare series S(X,uj;T) depends on 
the choice of w, i.e. on the if-fields K(m). In the case K algebraically closed, 
however, K(m) is the unique extension of degree m of K, up to i^-isomorphism, 
thus S(X, uj\ T) is independent of the choice of w. 

Remark 7.8. Assume that X is a generically smooth special formal i?-scheme and u) 
is a gauge form on X v . Then the image of S(X, w; T) under the forgetful morphism 



-to 



:M Xo [[T]]^M K [[T}} 
only depends on X v , not on X (by Proposition I7.5j) . and we have 

" (m), W (m)])T m eM K [[T]] 



f (S(X, W ;T)) = ^$([X„(r 

Jx m>l 



Proposition 7.9 (Nicaise [32], Prop. 4.11, Cor. 4.12). Let X be a generically 
smooth special formal R-scheme, U a locally closed subscheme of Xq. Let ijj,x Q 
denote the embedding U c — > Xq, and il := Xjjj. If uj is a gauge form on X v , then 



M = *u.x / M 
u Jx 



and 

S(<d,Gj;T) = i* UtXo S(X,u;;T). 
Moreover, if (Ui)i^j is a finite stratification of Xq into locally closed subsets, and 
it, = X/u i , then we have 



E 

ie J 



and 

S{X,u-T) = Y j S{ < & 1 ,uj:T). 

Let us now recall some results obtained by Nicaise in [35] that are crucial for 
proving Thcorcm ll.3[ These are in fact the extension of corresponding works in [29] . 
We remark that the notion of X-boundedness and that of universal boundedness 
of a differential form are technical and they do not appear in the most essential 
formula (the formula of motivic volume) which we use. Thus the recall of these will 
be ignored, but the reader can see them in [35] Def. 2.11, Def. 7.38] if prefering. 
As shown in [32] Lem. 7.42], in the afhne case, where the proof of Theorem 11.31 
concerns, these two notions are the same. Also by this reason, we shall not recall 
the definition of the order ordc(a;) of a gauge form uj along a divisor £, but refer to 
Nicaise [32] Def. 7.7]. The following are consequences of Nicaise [32] Thm. 7.12]. 

Corollary 7.10. Let X be a generically smooth special formal R-scheme, of pure 
relative dimension d. Let 2) —> X be a resolution of singularities with special fiber 
2) s = X)iej Ni<£i. Let uj be a X-bounded gauge form on X, ; and fii — ordg^w) for 
i G J. The definition of Ej , for ^ / C J , is given in Section [g~^] Then for any 
natural m > 1, J^t m \ is equal in Mj„ to 

( \ 



1 ' ^ ([Ay-i) 1 "- 1 ^] 



n- 



0#/CJ 



{ ki>l,iel 
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Corollary 7.11 (Nicaise [32], Cor. 7.13). With the same hypotheses as the previous 
Corollary \7.10[ the following identity holds in Mj; [[r]]: 

S(X^;T) = [A^]- d J2 ([Akl-l^-^lII iirAi l-^ " 

The limit — limx->oo S'(X, w; T) is well-defined and indenpendent of the choice of 
ui, namely 

- lim S(X,uj;T) = [A^}- d £ (l-^l'l-'^eMj, 

(see [32 Prop. 7.36]). Therefore, if X is a generically smooth special formal R- 
scheme of pure relative dimension such that X n admits a X-bounded gauge form, 
one puts 

(16) S(X,K S ):=- lim S(X,u;T), 

T— >oo 

where w is any X-bounded gauge form on X,,, and calls it motivic volume of X. 
As shown in [31], in fact, S(X, K s ) can be defined without the condidtion that X v 
admits a X-bounded gauge form (cf. 32, Prop.-Def. 7.38]). 

Corollary 7.12. Let X be a generically smooth special formal R-scheme, U a locally 
closed subscheme of Xo, and U — X/jj. Then one has 

S(il,K s ) = i*u,x S(xX s )- 
Proof. The corollary follows from defintion (fTB| and Proposition 17.91 □ 
Recalling, we denote the forgetful morphism "M-Xg — > M K by J x . 

Proposition 7.13 (Nicaise [32], Prop.-Def. 7.43). Assume X is a generically 
smooth special formal R-scheme such that X^ admits a universally bounded gauge 
formuj. Then the image J x (S(X, if s )) only depends onX n - 

One then puts S(X V ,K S ) := J x (S(X, K s )^ and calls it the motivic volume of 
X, ; . In fact, if X is any formal i?-modcl for X,,, any universally bounded gauge form 
lu on Xr) is X-bounded, and we have 

(17) S(Xr,,K s ) = - lim V^nX^rrOXm)])!™ 

m>l 

in M K (see [22 Prop.-Def. 7.43]). 

Let if (BSRig^ ) be the Grothendieck ring of the category BSRig^ of bounded 
smooth rigid if- varieties. It is obtained from i^GBSRig^) in Proposition 17.61 by 
forgetting gauge forms. 

Proposition 7.14. There exists a unique group hohomorphism 

W : if(BSRig x ) -)• M K 

with the property 

(18) W([X}) = -lim^ <${[X{m)M™)])T m i 

m>l 

where U) is some universally bounded gauge form on X . In particular, if X is a 
generically smooth special formal R-scheme, we have W{[X V \) = S(X V , K s ). 
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Proof. The morphism W is defined by (fT8|) . That W is a group homomorphism fol- 
lows from Proposition l7.61 while the latter comes from Proposition l7.9l and Corollary 
ITTTTl or from (JT7J). □ 

8. The case of an algebraically closed field 

As noticed in [16], the theory of algebraically closed valued holds ACVF is also 
valid for rigid varieties as well as the rigid analytic expansions introduced by Lip- 
shitz [25] . Let us denote by ACVFq(0, 0) such theories. 

8.1. Generalized measured categories. We take care of more general volume 
forms than those in Section [3] Namely, we consider the category /iVF[*] of A- 
definable sets with definable volume forms up to RV-equivalence, the category 
/irVF[*] of A-defmable sets with definable volume forms up to F-equivalence, and 
others. The main reference for these is [TBI HZ]- Let n be a positive natural num- 
ber. By definition, an object in //VF[n] is a triple (X, f, a) with X a definable 
subset of VF" x RV" 1 , for some natural m, f : X — > VF" a finite-to-one map, and 
a : X — >• RV a definable map. A morphism of /xVF[n], say, (X, /, a) —> (X' , /', a'), 
is a definable essential bijection F : X — !> X' such that for almost every x G X, 

a{x) = a'(F(x)) • rv(JcbF(a;)), 

i.e., a measure preserving morphism. Notice that the category volVF in Section [3] 
is just the full subcategory of fiVF with the objects (X, /, 1). Also, an object of 
/irVF[rt] is a triple (X,f,a) with (X,f) as previous and a : X — > T a definable 
function; a morphism (X,f,a) — > (X',f',a') is a definable essential bijection F : 
X — > X' such that for almost every x G X, 

a(x) = a'(F(x)) + val(JcbF(x)), 

i.e., a r -measure preserving morphism. We also consider the category /iVF bdd [ro] 
which is the full subcategory of //VF[n] whose objects are bounded definable sets 
with bounded definable forms a, and the category ^rVF bdd [n] defined similarly. We 
note that the category volVF (resp. volVF bdd ) in Section [3] is the full subcategory 
of yitrVF (resp. /irVF bdd ) consisting of the objects of the form (X, /, 0). 

Now recall the definition of //RV[n] and /xrRV[n] from [16] . The objects of 
j«RV[n] are triples (X, /, a) with X a definable subset of RV" +m , for some natural 
m, / : X — > RV" a finite-to-one map, and a : X — >• RV a definable map. A 
morphism (X, f, a) —> (X', /', a') is a definable bijection F : X — )• X' such that for 
almost all x G X, 

a(x) = a'(F(x)) ■ rv(Jcb RV F(a;)), 

and for all x G X, 

n n 

val rv a(a;) + val rv /j (a;) = val rv a' ' (F \x)) + val rv / t / (.F(a:)). 

i=l i=l 

Here "almost all" means that it holds for all except a set Y with dim^y /(V) < n. 
The objects of /irRV[n] are triples (X, /, a) with (X, f) as previous and a : X — > T 
a definable function. A morphism (V, /, a) — >■ (V, /', a') is a definable bijection 
F : X -> X' such that for all x G V, 

n n 

a(x) +^2val TV f i {x) = a'(F(xj) + ^val rv /Z(F(z)). 

i=l i=l 
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The category ^rRES[n] is the full subcategory of /LtrRV[n] with objects (A, f, a) 
satisfying val rv (A) finite. 

By [16], the category /jT[n] consists of objects which are pairs (A,/), where 
A G Obr[n] and I : A — > T is a definable map. A morphism (A, I) — > (A 1 , 1') in 
fiT[n] is a definable bijection h : A — > A' which is liftable to a definable bijection 
val^A -)■ val^A' such that |x| + l(x) = \h{x)\ + l'{h(x)). Here, for x E T n , 
\x\ = Y^L=i x i- ^ n particular, volTfn] is the full subcategory of jtir[n] defined as 
above with I — 0. The category /zr bdd [n] is the full subcategory of /uF[n] such that, 
for each A £ Ob/ir bdd [n] , there exists a 7 £ T with A C [7,00)™. The category 
jur[*] (resp. ^r bdd [*]) is the direct sum ® n>1 nT[n] (resp. n>1 nT hdd [n}). 

The categories /xRV bdd , /irRV bdd and so on, are defined in the same way as 
previous. For notational simplicity, we sometimes omit the notation of structural 
map / in the triple (A, /, a) when it was clear. 

8.2. Some morphisms between Grothendieck rings. Similarly as in Section^ 
the lifting map L : Ob/irRV[n] — > Ob/irVF[n] is defined as follows. For any (X, f, a) 
in Ob/i r RV[n], we put L(A, f, a) = (LX,L/,La), where LA = X x />rv (VF x ) n , 
L/(a, b) = /(a,rv(6)) and La(o, &) = a(a, rv(6)). This map induces a canonical 
morphism of semi-rings 

J : tf + ( Mr VF bdd [n]) -> K + (^RV hdd [n])/l' sp , 

where Ig p is the congruence generated by [l]i = [RV >0 ]i with the constant volume 
form in r 

Let /jT [*] be the full subcategory of /J.T[*] whose objects are finite sets. There 
exists a natural map of Grothendieck semi-rings 

A + ( Mr RES[*]) ®^[*] A +/ ir bdd [*]) -> # + Gu r RV bdd [*]). 

Namely, it is built from the obvious morphisms A + (^rRES[*]) — > A" + (/irRV bdd [*]) 
(induced by the inclusion) and K +f iT hdd [*}) -> A + ( ( u r RV bdd [*]) (defined by Ah 
val-^A)). By [I6J Prop. 10.10], this natural morphism is an isomorphism of rings. 
Thus an element of A + (yLtrRV [*]) can be written as a finite sum 

EP xval rV( A), f,a)]. 

An argument in the proof of [MJ Prop. 10.10] also shows that 

[(A x val-^A), /, a)} = [(A, /„, 1)] ® [(A, 0], 

where fo ■ X — > RV n and I : A™ — > A are some definable functions. By this, 
in order to construct morphisms from A + (/i r RV bdd [*]) to !A'(volRES[*])[[Ai] _1 ] 
similarly as in Subsection 14. 21 it suffices to define a m (A, I) and b m (X, /, 1). 

Let m be a positive natural number. We shall construct a morphism h m gener- 
alizing the h m in Subsection 14.21 We consider an object (A, I) of /iT, say, A C T n 
and i : A -> T a definable function. Define A(m) :— A n (l/mZ) n . For e £ T, 
denote A e = Z _1 (e)- Put 

(19) a m (A,l) = J2 E [A^-^l+^a-tAi]- 1 )", 

eer 7eA e (m) 

where each e-term is immediately equal to zero if me $ N. It is stated that a m is 
well defined, i.e. it does not depend on the coordinates of T n . Indeed, by definition 
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of /iF, if h is a morphism in the category from (A e ,Z|A e ) to some (A',Z'), we 
have \h(^) \ + l'(h(-f)) = \<y\ + I (7) = \<y\ + e. We now write flT9]) as 

(20) am (A,o = E [Kr mhl ' e (i iKr'r- 

eGN 7 GA e (m) 

The sum on the right of O belongs to the completion (!lf + (volKES[n])[[Ai] _1 ]f 
of the quotient ring !A + (volRES[n])[[Ai] -1 ]. Denoting 

o ro , e (A,o= E ^ir mhl (i-[Kr 1 r, 

7GA e (m) 

one deduces that a m (A,l) = X) eS N fl ™,e(A e , l)[Al]~ e . 

Let (X, f, 1) be an object in ^rRES such that /(A) C V 71 X • • • x (thus 
val rv (/i(a;)) = 7j for every x S X). As in [T5| Sec. 8.2], we define 

b m (X,f,l) = [X][Ai]- m ^- n 

if m7 e Z™ and b m (X, /, 1) = otherwise. As in [T5J Sec. 8.2], 6 m ® a mi6 induces 
a morphism 

W : A + (/i r RV bdd [*]) ^lA+HlRESW)!^]- 1 ]. 
Also, b m (g> a m defines a morphism of rings 

h m : A+( Mr RV bdd M) -> (!A + (volRES[*])[[A^] _1 ]f 
with the property that 

M[(X,/,a)]) =53 V«([(« -1 (c),/)])[Ai]- e . 

Let /^RV bdd [*] be the full subcate gory of /irRV bdd [*] consisting of objects 
(X, /, a) such that a : X — > T has finitely many values. Clearly, this subcate- 
gory contains volRV bdd since we can take a : X — > T to be the constant function 0. 
Restricting h m to A + (/ip RV bdd [*]) yields a morphism of semi-rings, which is also 
denoted by h m , 

h m : # + (/z<?RV bdd [*]) ^!JC + (volRESM)[[Ai]- 1 ]. 

Let us use the same notation for the morphisms of rings corresponding to those 
of semi-rings. Hereon, we also concern the morphisms 0, T and HL = o Y o / as 
in Section @] For m > 1 and e > 0, we define 

8.3. A comparison result. In the theory ACVF i? (0, 0), one can identify GBSRig^ 
with a full subcategory of /ipVF bdd [*]. The latter is the corresponding category 
to /x r ; RV bdd [*] defined above, i.e. its objects are (X,f,a) G Ob/^ r VF bdd [*] such 
that a : X — ► T has finitely many values. Also, one can identify BSRig^- with a 
full subcategory of volVF bdd [*] . Indeed, for any rigid A- variety X endowed with a 
gauge form uj, putting a — val o uj, we obtain an object (A, a) of fi^ VF bdd [*]. 
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Theorem 8.1. Let X be a smooth K-rigid variety any of whose formal models 
is of pure relative dimension d, let lo be a gauge form on X. Then the following 
identities hold in the ring M K : 

Km) | = [A*]- d IL m (LY,valo W ]), 

X(m) 

w([x}) = [Air d M[x]). 

Proof. Put a — val o lo and view a _1 (e) as an object of the category volVF bdd [*]. 
By the definition of h m , one has 

I L ro ([X,a])=^IL m)e ([a- 1 ( e )])[Ai]- e . 

We deduce from [18l Lem. 3.1.1] that, for each e G N, there exists a j3 e G T such 
that a -1 (e) is /3 e -invariant. By [18], for each e G N, 

(21) ^Ala-'ie)}) = [^He)[m]) = [a' 1 (e)[m, P']][Kr m ^' 

for any /?' > f3 e in T. Let fi denote the motivic measure which takes values in M K 
(see e.g. [9], compare with Proposition 17.31 in this article). Then the right hand 
side of (|2~lj) is nothing but [A*] d /i(a! _1 (e)(m)). Thus we have the identity 



lL m ([X,a}) = [A^^/K^Xm))^] 

|w(m)|. 



lid 



IX(m) 

The first equality of Theorem 18.11 implies the below identity in M K [[T]]: 

m>l m>l J X(m) 

= [A 1 K ] d S(X,u J ;T). 

Thus the rationality of the series J2m>i ^m([X, a])T m follows from that of the 
Poincare power series S(X. to; T), and we can take the limit liniT^oo. Since 

-W{[X}) = lim S(X,lj;T) 

T— f oo 

is independent of the choice of the to, so is lmTr-). 0O J2 m >i ^m[[X, a])T m , where 
a = val o lo. Hence, we can choose a gauge form lo on X such that a = 0, and then 
by Proposition 14. li we have 

lim V£ ra ([I, a ])r = -IL([I]) 

T— >oo 

m>l 

as desired. □ 

Assume that X is a rigid closed if-subvariety of AJ? ,an . We shall define the rigid 
iC-variety X* associated to X as follows. If X is defined by an ideal / then, be 
definition, X* is given by the equations {y G A^ an : rvg(y) = rv(i) for g — t G /}. 
For instance, gotten from [181 Cor. 4.2.2], let ^ be a smooth k- variety, g : y — > A* 
a regular function, and ?/ G <? _1 (0). Let 7r : y(i?) — > y(k) be the reduction map. 
Putting %, y = {y 1 G V(R) : g{y') = t,iz{y') = y] and y y = {y 1 G %K) : yvg{y') = 
rv(t),7iV) - y}, the identity [%] = [(^y)*} holds in X(volVF bdd [*]). 
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Corollary 8.2. Assume that X is a smooth K-rigid variety any of whose formal 
models is of pure relative dimension d. Let lo be a gauge form on X. Then the 
equality W([X]) = [A*]- d HL([X*]) holds in M K . 

Proof. It is clear that there exists a natural number r > such that [X*] = [X] ■ [0]\, 
where [0]i is the class of the open disc m = 23(0, 0). This follows from the fact that, 
if X = {y g A^ an : 9i (y) =t,i£ B}, then X* = {y g A^ an : 9i {y) g t ■ [0]i,i £ B} 
(with B finite). Since HL([0]i) = 1, we have IL([X*]) = HL([X] • [0]J) = HL([X]). 
Applying Theorem 18. 11 the corollary is proved. □ 

9. Proof of the formal version (Theorem II. 3J) 

Note that, for m > 1, the K{m) in Notation Wl\ is the field re^i 1 /™)), and the 
normalization R(m) of R in re ((i 1/m )) is the ring re[[f ' m ]]. 

9.1. Some remarks. It is worthy to notice that since we have Theorem 18.11 and 
Corollary 18.21 which expresses the link between the motivic volume morphism W 
and the morphism HL constructed by Hrushovski-Loeser in |18) . we are obviously 
able to deduce Theorem 11.31 from the proof of Theorem 11.21 given in Section [51 All 
the arguments from Section when applied here, run well absolutely. However, 
we shall give some alternative computations on the morphism M in Subsections 
19.21 and 19.31 because these arguments are true for all the valued fields of equal 
characteristic zero other than only for the algebraically closed fields. This means 
that, if we could improve to arrive at some computation of W([Xi]) in Subsection 
19.41 without the condition that re is algebraically closed, Conjecture 11.11 would be 
answered completely in the full version. 

9.2. An expression for i*Sj. Recall from Section [T] that f(x, y, z) is a formal 
power series in k[[x, y, z]], where (x, y,z) is a system of coordinates of the vector 
space re dl x K d2 x re rf3 , satisfying the condition that 

(22) /(0, 0, 0) = 0, and f(rx, r^y, z) = f{x, y, z) for r g G m , K . 

In general, any formal power series in k[[x, y, z]] is convergent in the non-archimedean 
unit open iC-ball (val(x) > 0,val(y) > 0, val(z) > 0). By the condition (|2"2"|) . how- 
ever, we remark that f(x, y, z) is possibly regarded as a series in re{a;}[[?/, z]] as well 
as a series in re{y}[[a;, z]]. For our purpose, let us consider the affine special formal 
l?-scheme 

= Spi(R{x}[[y, z]]/(f(x, y, z) - t)) Spf(i?) 

defined by t — f{x, y, z). Note from the above remark that hf} is contained in QJo = 
/ (0) as a closed subscheme over re. Then the notation X in Section Q] is nothing 
else than the formal completion of 53 along A^? 1 , and it is a generically smooth 
special formal scheme. In the same way, the formal i?-scheme 3 in Section [1] is just 
the formal completion of the special formal i?-scheme 2U = Spf(i?[[z]]/(/(0, 0, z)—t) 
along 0, which is also generically smooth and special. Consider the formal functions 
/ : X— > Spf(ii) and f$ : 3 — > Spf(-R) as mentioned in Section [1] 

We shall consider the specialization morphisms of ringed sites sp : X n — > X 
and sp' : 3rj ~ > 3- In fact, data on sp _1 (A^) (resp. on sp' _1 (0)) provide almost 
important information on J A d ± i*S i (resp. on5; ). So, in the first step, we express 
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sp _1 (AJ? 1 ) and sp' _1 (0) explicitly. Those smooth rigid K- varieties are 

X : = sp- 1 (A^ 1 ) 

(23) ^ . 

= {(x,y,z) G A^ an : val(z) > 0,val(y) > 0,val(z) > 0J(x,y,z) = t] 

and 

(24) Z Q := sp'-^O) ={z£ A^ 3 < an : val(z) > 0, /(0, 0, z) = f}- 

Consider a resolution of singularities fj : 2) -> 1 of I. Let Ijj, i € J, be the 
irreducible components of divisor 2) s = Ijj (3E S ), and the natural unramificd 
Galois covering EJ —> Ej, ^ I C J, defined as in Section [6T4l By Corollaries 
17.111 17.121 and Proposition 17.141 we have 

W([X}) = [ i*S(X) 




(25) = [Ai.]- d+1 / i*S f . 

Now write X as a disjoint union of Xq = {(x, y, z) <E X : val(x) + val(y) = oo} 
and X\ — {(%, y, z) G X : val(ic) +val(y) < oo}. In the next subsections we shall 
compute M([X }) and W([Xi}). 

9.3. Computation of MV(LY ]). We factorize X = Y x Z with Z as in (|24|) and 

F = {(as,j/) G A* 1+ * ,,an : val(a;) > 0, val(y) > 0,vah» + val(y) = oo}. 
The latter can be written as a disjoint union of the rigid if -varieties 
y 01 = A^' an : < val(x) < oo} 

and 

Y , 2 = {ye A??'™ : valfo) > 0}. 

Remark 9.1. One can see that, in spite of the same style, the definition of Yo,i 
(resp. Yo,2) is slightly different from that of Yq (resp. Y" 2 ) in Section[5j 

9.3.1. Computation ofW(\Yo,i x Zq\). By Proposition 17. 141 we have 

(26) W([F ,i x Z ]) = - Jim V $([F 0i1 (to) x Z (m),dx x co(m)})T m , 

m> 1 

with w some 3/o-bounded gauge form on Zq = (3/o)r; an d fife = dx\ A • • • A cfa^. 
It follows from Proposition 17.61 that 

$([Yb,i("i) x Z (m),dx x w(m)]) = $([F ,i( m ); dx(m)] • $([Z (m), w(m)]) . 

Note that F ,i(m) = {x G Af^ an (m) : val(ac) > 0} \ {0} and 

G A^< an (m) : val(x) > 0},dx(m)]) = 1, 

a>([{o},i]) = i, 

i.e. $([Yo ; i(m),dx(m)] = 0. It thus follows from that 

(27) W([F ,i x Zo]) = 0. 
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9.3.2. Computation ofW([Y 0}2 x Z ]). By Proposition I7H 

W{[Y ,2 x Zq]) = - lim V *([y ,a(m) x Z (m),dx x w(m)])T" 



m>l 



where w is some 3 /o-bounded gauge form on Z and dx = dxi A • • • A dxd 2 ■ Since 
$ is a ring homomorphism due to Proposition 17.61 

*([*o,2(m) x Z Q (m),dx x w(m)]) = $([y ,2(m),£fa;(m)] ■ $([Z (m),u;(m)]). 

A simple computation gives ®([Yo,2(m),dx(m)]) = [A*] - ^. On the other hand, if 
we let [)' : 2)' — > 3 be a resolution of singularities of 3, and £[, i e J', the irreducible 
components of divisor 2)' s = ^ -1 (3«)> 2}^ = £ lG j< AT-g-, and , I C J', defined 
as in Section HT41 then by Corollary 17. 101 $([Zo(m), w(m)]J is equal to 

/ \ 



E [ 



where n\ — ordg'. (u;). One deduces that $([io,2(w) x Z (m),dx x w(m)])T m is 
equal to [Ai]- d2 ~ d3+1 times 

/ \ 



; e ([Aii-ij^-M^nbjrHo)] 



E 



ki>l,i£l 



)T m , 



J 



hence J2 m >i ® ([^b,2(w) x Z (m),dx x w(m)])T m is equal to 

[All~<i2-d3 + l 



E M - n ft-*(o)] II ! [A Si^ • 



Thus 



ni([Y Q , 2 xz ])^[Ai]- d ^ +1 E (i-M^^nfi'o-^o)] 

(28) 0#/cJ' 

= [Ai]-*-*> +1 5 /3jQ . 

Finally, it follows from (gTJ) and (J55J) that 

(29) W([X Q ]) = [Ai]- d ^ +1 S ho . 

9.4. Computation of and conclusion. In this subsection, k will be 

assumed to be an algebraically closed field of characteristic zero. Recall that X\ is 
written as 

Xi = {{x,y,z) E A^ an : val(a;) > 0,val(y) > 0,vah» > 0, 

val(z) + val(y) < oo, f(x, y, z) = t}. 
Then X* is the following definable bounded set 

X* = {(x,y, z) e A d K an :val(x) > 0, val(y) > 0, val(z) > 0, 

val(x) + val(y) < oo, vvf(x 1 y, z) — rv(t)}. 
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We can use the arguments in Subsection 15.41 to show that HL([Xf]) = 0, which 
implies W([Xi]) = by Corollary El 

We now deduce from ([25]). (|2T))) and from M/([Jfi]) = that the identity 

holds in M K . In order to see that the identity (|30|) is also true in Mjj , let us go back 
to the definition of the motivic Milnor fiber for formal case. Consider the above 
resolution of singularities f) : 2) — > X of X with notation (£, (i G J), £^ (/ C J) 
defined as in Section l(x4l and ()J 1 (X S ) = J2ie.J Ni&i- The natural unramified Galois 
covering Ej —> Ej is constructed by glueing the following pieces 

U n Ej = {(z, y)eA 1 K x(Un Ej)\z m ' = uiy)- 1 } 

for {[/} running over affine Zariski open subsets of 2Jo with U fl £7 7^ 0, mj = 
gcd(A r i)i S j. Note that the numbers Ni naturally appear in the expression fo o 

f)o(?/) = u(y) rjiei % * ' 2/ ^ C/, and they only depend on Jo, not on f). The group 
/x m/ acts on this piece by multiplying the z-coordinate with elements of [i mi . Now 
consider the f)' : 2)' — > 3 in Subsection 19.3.21 Observe that (/3)o is the restriction 
of /o to A^ 3 , thus over the common part 3o, the resolutions f) and [}' provide the 
same iVj's. This guarantees that the actions of jj, (induced from fi mi ) on the Galois 
coverings Ej Ej (I C J) and -> (J C J') are of the same type and they 
are compatible with pull-back and pushforward operators. 
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